
A C O U S T I C  I N T E R A C T I O N  O F  T W O  C Y L I N D E R S  

D~ N. G o r e l o v  UDC 534.2 

In this  p a p e r  we inves t iga te  s e v e r a l  p r o p e r t i e s  of acous t i c  waves  p ropoga t ing  along a c i r c u l a r  cy l in -  
de r  osc i l l a t ing  n e a r  a s c r e e n  o r  a f r ee  su r face .  In de t e rmin ing  the va lues  of  the p a r a m e t e r s  a sha rp  change 
in the in tens i ty  of the acous t i c  f ield is o b s e r v e d  due to an acous t i c  r e s o n a n c e  between the osc i l l a t ing  cy l in -  
de r  and the in t r in i s i c  osc i l l a t ions  of  the gas  in the re la t ive  reg ion .  

We c o n s i d e r  the p r o b l e m  of the acous t i c  in te rac t ion  of  two c i r c u l a r  cy l inde r s  of r ad ius  R osc i l l a t ing  
a c c o r d i n g  to a given h a r m o n i c  law with smal l  ampl i tude .  We a s s u m e  the med ium to be ideal  and c o m p r e s -  
s ible  and the motion of  the med ium to be p l a n e - p a r a l l e l  and potent ia l .  We take a r e c t a n g u l a r  coord ina te  
s y s t e m  fo r  each cy l inde r  with c oo rd i na t e s  xn, Yn ( n = l ,  2) m e a s u r e d  f r o m  the c e n t e r  of  the cy l inde r  axis.  
The axes  Yt, Y2 a r e  taken  along the l ine joining the o r ig in  of  the coo rd ina t e s  with 

w h e r e  H is the d i s tance  between the cy l inde r  axes  (Fig. 1). 

Below, as the bas i c  coord ina te  s y s t e m  we choose  xl, Yl, denot ing these  coord ina tes  as x, y. 

We a s s u m e  that  the ve loc i t y  potent ia l  r (x, y, t) can be r e p r e s e n t e d  in the f o r m  

( x ,  y ,  t) = t~atl)  ( x ,  g )e  i~t (2) 

where  ff (x, y) is the d i m e n s i o n l e s s  ampl i tude  funct ion of  the ve loc i ty  potent ia l ,  a is the ve loc i ty  of  sound, 
and w is the angu la r  f r e q u e n c y  of  the osc i l l a t i ng  cy l inde r s .  Then,  within the l imi t s  of  the a s s u m p t i o n s  
made here ,  the funct ion 4~ sa t i s i f i e s  the Helmhol tz  equat ion 

~.~-x -- %,~, + #2a~ = 0 (k = c0/~ a) (3) 

and the boundary  condi t ions  

OlD~Or n = F n (%) f o r  r n = I (n = 1, 2) (4) 

lira r n  ~ ~t~D : O ,  lira r, \ 0r n -- ik(P/= 0 (5) 

H e r e  rn, 0 n a r e  the d i m e n s i o n l e s s  po l a r  coo rd ina t e s  r e l a t ed  to Xn, Yn by the equat ions  

Xn = RrnCOS0n, Yn = Rrnsin On (n = 1, 2} (6) 

and Fn(0n) a r e  the d i m e n s i o n l e s s  ampl i tude  funct ions  of  the n o r m a l  componen t s  of the ve loc i t y  fo r  points  
a long the c i r c u m f e r e n c e  of the n - th  cy l inde r :  

&,~ / at = aF~ (O,Oe i~l (7) 

whe re  e t ,  e 2 a r e  the n o r m a l  componen t s  of  the d i sp l acemen t  v e c t o r  of  the points  along the c i r c u m -  
f e r e n c e  of  the f i r s t  and second  cy l inder ,  r e spec t i ve ly .  

The solut ion of Eqs.  (3)-(5) wil l  be found by the i n t e r f e r ence  method [1]. 

�9 (~, ~) = ~ [~,, (r., 0~) + ~',~ (,,. 0.~1 (8) 
rt~l 

We r e p r e s e n t  ff in the f o r m  
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Here  OniS the ampl i tude  function of  the ve loc i t y  potent ia l  of the 
s t r e a m l i n e  of a s ingle cy l inde r  osc i l l a t ing  a c c o r d i n g  to the  given law in 
Eq.  (7). The funct ion r  a l so  c o r r e s p o n d s  to  the flow n e a r  a single cy l in -  
de r  osc i l l a t ing  a c c o r d i n g  to  s o m e  o the r  law whose  in t roduct ion  p e r m i t s  
one to take account  of the mutual  influence ( in te r fe rence)  of the  cy l inders .  
This  unknown law fo r  the osc i l l a t ion  of cy l inde r s  is d e t e r m i n e d  f r o m  the 
nonflow condit ion in Eq. (4). 

The solut ion of the p r o b l e m  for  the  funct ion @n sa t i s fy ing  Eq. (3) 
and the condi t ions  in Eqs .  (4) and (5) has  the f o r m  

2 ~ am (n) cos m0~ +bm (~) sin m0. (9) 
q)n (rn, On) = "~- ~ Hm (2) (krn) H~)_ i (k) -- H ~  i (k) 

m ~ O  

Here  a(n~, b(~ are the F o u r i e r  coef f ic ien t s  fo r  the funct ion Fn(0n) , 
and H(2m ) is the Hankel  funct ion of second  o rde r .  

The function ~ . ( r n ,  O n) is d e t e r m i n e d  f r o m  the same  Eq. (9), and 
" (n) (n~ ins tead  of the known coef f ic ien t s  a m, b m ,  it is n e c e s s a r y  to subst i tu te  

the d e s i r e d  coef f ic ien t s  c(n~, d(nm ) . The equa t ions  used fo r  the de t e rmina t i on  of  these  coef f ic ien t s  a re  ob -  
ta ined  f r o m  the nonflow condit ion in Eq. (4) be ing  subs t i tu ted  into Eq. (8): 

2 

OO,~Ors + ~ O~'pOrj =F~(0j) f o r  r i = i  ( ] ' , n= l ,2 ;  n:#i)  (10) 
p = l  

The solut ion of the s y s t e m  of equat ions  will  be found fo r  the case  of o sc i l l a t ions  of the cy l inder  n e a r  
the s c r e e n  and a f r e e  su r f ace .  

F o r  an osc i l l a t ing  cy l inde r  n e a r  a s c r e e n  the effect  of  the s c r e e n  can be taken  into account  as  a 
second  cy l inde r  indentif ied to the m i r r o r  r e f l ec t ion  of  the f i r s t  cy l inde r  with r e s p e c t  to the s c r een .  Then,  
at  the c o r r e s p o n d i n g  points  A 1 and A 2 the condit ion 

F1 (0J) = F2 (03) f o r  02 = 2~ -- 01 (11) 

o r  

cc co 

(am {i} cos mOi +bm (i) si,:~ mOi) = ~ (am {'2) cos toO1 -- bm (~) sin ,nei) 
~ o  m ~ O  

will  be sa t i s f ied .  

F r o m  this  it fol lows tha t  the osc i l l a t ion  law of  the second  cy l inder  is  r e l a t ed  to  the osc i l l a t ions  of  the 

f i r s t  cy l inde r  by  the equat ions  

a m ( l )  = a m ( 2 )  ' b i n ( l )  = _ _  b in ( 2 )  (12) 
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F o r  t he  c a s e  of  an  o s c i l l a t i n g  c y l i n d e r  n e a r  a f r e e  s u r f a c e  w h i c h  i s  a s s u m e d  to be  p l a n e ,  t he  e f fec t  of  
the  s u r f a c e  can  a l s o  be  d e s c r i b e d  b y  s u b s t i t u t i n g  a s e c o n d  c y l i n d e r  l o c a t e d  s y m m e t r i c a l l y  r e l a t i v e  to t h i s  
s u r f a c e .  It i s  t h e n  p o s s i b l e  to  show t h a t  a t  t he  p o i n t s  A~ and  A 2 the  c o n d i t i o n  

F~ (0~) = -- F~ (02) for 0-~ = 2~ -- 0~ (13) 

m u s t  be  s a t i s f i e d ,  wh i ch  l e a d s  to the  e q u a t i o n s  

a~ (~) = -- a~ (~) , b~ O) = bm ('z) (14) 

E q u a t i o n s  (12) a n d  (14) p e r m i t  Eq .  (10) to  be  r e d u c e d  to  a s i n g l e  e q u a t i o n  of t he  t y p e  

c~ cr 

{on (~) [Mn (0~) ~- : cos n0z] -4- dn (~) iNn (0~) + z sin n0x]} = -- 2 [an(~)Mn (O~) -4- bn(Z)Nn (0~)] (15) 
~%=0 n = 0  

i n  the  c a s e  c o n s i d e r e d  h e r e .  

H e r e  ff = - t  f o r  t h e  s c r e e n  a n d  ~ =1  fo r  t h e  f r e e  s u r f a c e :  

} Mn(01) = - -  r4(oD /k ~ r r ( ~ )  (l+hlsin0~)cosnO~[H (~) " - - H  e) "~n-zt s--'~n+z(k) ~. n-~tz) n+:t(z)] @" z c~ 

k/z { 2nh~ } 
_ H~+~ (z)] -- ---~-.--- cos 0~ cos nO~H~ (~') (z) Nn(O~)-- H ~ )  (k)--H (~) ~k~ (t+htsin0~)sinn0~[H(n 211(z) -- (2) 

w h e r e  

h~ = 2 (1 ~- h) = H/B,  

and  the  v a r i a b l e  i s  r e l a t e d  to  02 , 01 b y  t h e  e q u a t i o n s  

z = k  ] / - l @ 2 h l s i n O l + h l  2 (17) 

cos02 = kz -1 cos01, sin 0z = kz -1 ( h i  -~ sin01) (18) 

It iS i n t e r e s t i n g  to  c a l c u l a t e  the  p r e s s u r e  p in t he  a c o u s t i c  f i e ld  a l o n g  the  o s c i l l a t i n g  c y l i n d e r s .  
N e g l e c t i n g  q u a d r a t i c  p e r t u r b a t i o n s  in the  v e l o c i t y ,  we have  f r o m  the  C a u e h y - L a g r a n g e  i n t e g r a l :  

p -- p~ = -- p (&p / 0z) (Po~ = cons~) (19) 

w h e r e  0 is  the  d e n s i t y  of the  m e d i u m .  

T a k i n g  in to  a c c o u n t  E q s .  (2) a n d  (9), Eq.  (19) a s s u m e s  the  f o r m  

P -- Poe = z/29a2Cp, Cp = -- 2ika9 (x, g)e i~t (2 0) 

2 

7 ~ 0  

-- ~Hn ('-') (kr~) cos n02] @ (bn(1) -~- dn (1)) [Hn (~) (krz) sin nOz @ ~Hn (2) (kro.) si:J n02]} (21) 

The  p r e s s u r e  a l o n g  the  c y l i n d e r s  in  the  d i r e c t i o n s  of the  x and  y a x e s  i s  w r i t t e n ,  r e s p e c t i v e l y ,  in  

the f o r m  

p - p~ = ~/~pa~p~ I �9 l -v~ ~ ;  (I z ] >> R, I y I ~ l~) 

p - -  P~ = 1/2Pa2P,j I Y I -' '~e~ (I x I ~ R, I Y f >> R) (22) 

The  m o d u l i  o f  the  a m p l i t u d e  f u n c t i o n s  of the  p r e s s u r e  I p x I ,  I P y l  i s  o f  p r a c t i c a l  i n t e r e s t ,  u s i n g  t he  

a s y m p t o t i c  r e p r e s e n t a t i o n  fo r  t h e  H a n k e l  f u n c t i o n s  we have  

J P ~ l = 4  t ( t - -z)  (23) 
H(~) ~ ~k~ -- H (2) = ~. ] n - ~ l  (A)  

[ ba)...j+~2]+~+ d(~) %J(~)+%~(~) j ]  (24) [ P~l  = ~ 1 V / -  z l)s L 
J ~ o  22@2 ~ / 2 J - - i  ' ~-t-1 

In  the  s p e c i a l  c a s e  of  t h e  o s c i l l a t i o n s  of  a s i n g l e  c y l i n d e r  in  an  u n b o u n d e d  m e d i u m  ~ =0 ,  c(ni) = d(n l) =0.  

To  c a r r y  out  t h e  c a l c u l a t i o n s ,  t h e  l aw  of  o s c i l l a t i o n s  of  t he  c y l i n d e r  c o n s i d e r e d  h e r e  i s  t a k e n  in t he  
f o r m  
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ei (0i, t) : Re/(8i)  e i~t (8 = const) 

Then, the normal  component of the velocity of the cylinder is equal to 
ik s f  (0tL As an example, we choose the form of oscil lat ions of the cylinder 

(25) 

e l / 0 t ,  and the function Fl(0 ) = 

f (91) = c o s t a 0 1  (an (1) ~ iOnmks, bn (i) : 0 ,  m = 0 ,  i ,  2 ,  3) 

] (0i) = s in  m01 (an (i) = 0 ,  bn (i) = i6n,nke, m : t ,  2 ,  3) (26) 

where 6rim is the Kronecker  delta. 

The functions ~1, ~2 are  approximated by a finite number  of t e r m s  with complex coefficients C(nl) , 
d(~ (n=0, 1, ..., N) which are  determined by the collation method by satisfying Eq. (15) at 2N+1 equally 
spaced points. The calculation is ca r r i ed  out for  N=10 (basis) and N=7 (control). The resul ts  of the cal-  
culations in both cases  prac t ica l ly  coincide (over the range of variat ion of the pa r ame te r s  h and K con- 
sidered). In addition to the coefficients C(nl) , don) , the values of ]Px[ ,  [Py[ charac ter iz ing  the p re s su re  in 
the acoustic field along the cyl inders  are  calculated. Several resul ts  of calculations (for oscil lat ions of the 
form f = l )  are shown in Figs. 2 and 3. The screen cor responds  to (r = - 1 ,  and the free surface to - a  =1. 
The case h = ~ corresponds  to oscil lat ions of a single cylinder in an unbounded medium. A charac te r i s t ic  
p roper ty  of all calculations is the sharp increase of ] Px l ,  ] Py[ for specific values of the pa rame te r s  k 
and hchangingper iodical ly  with the quantity kh ~ 7r. It is interest ing to note that such a period in the change 
is charac te r i s t i c  for the ze roes  of the Bessel  function. This proper ty  of the solution makes it possible to 
postulate that the periodic growth of the p res su re  amplitude far  f rom the sys tem of two oscil lat ing cylin-  
ders  is due to an acoustic resonance at the natural frequency of the unbounded medium whose form is 

/sin n0~ 
@ = In (kr) ({cosnO }) (n = 0, I .... ) (27) 

where k is an a rb i t r a ry  positive number,  and r, 0 give a polar coordinate sys tem with its origin at the 
point x 1 =0, Yl = - H / 2 -  

In par t icular ,  for an oscil lat ion of a cylinder close to a screen ( 0 = 0, ~), a resonance with natural 
f requencies  of the unbounded liquid can ar ise  for an oscil lation fo rm of ~ =Io(kr) or  ~ =I 2 (kr) cos 2 0 which 
sat isf ies Eq. (11) and the nonflow condition of the liquid through the screen.  

The author is grateful to V. B. Kurzin for a useful d iscuss ion of the resul ts  of the calculations. 
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